We present a short review of the present status of the problem of neutrino masses and mixing. The existing experimental results indicate that there are at least four massive neutrinos. We show that only two schemes with mixing of four neutrinos and mass spectra in which two groups of close masses are separated by the "LSND gap" (∼ 1 eV) are compatible with the results of all neutrino oscillation experiments. We discuss different consequences of these schemes for future neutrino oscillation experiments.
Introduction
The problem of neutrino masses and mixing (see [1, 2, 3, 4] ) is the most important problem of today's neutrino physics. There are at present different indications that neutrinos have small masses and that there is neutrino mixing. These indications were obtained in solar neutrino experiments [5] - [10] , in atmospheric neutrino experiments [11] - [14] , [10] and in the LSND experiment [15] . If the indications in favor of neutrino oscillations will be confirmed, they will represent the first observation of processes in which lepton numbers are not conserved. It is generally believed that the investigation of such processes will allow us to investigate the physics at a scale much larger than the electroweak scale.
All the existing data on the investigation of the weak interaction processes in which neutrinos take part are perfectly described by the standard model of electroweak interactions. There are two classes of electroweak interactions:
1. Charged current (CC) interactions described by the Lagrangian
where g is the dimensionless SU(2) coupling constant and the charged current j CC α is given by
2. Neutral current (NC) interactions described by the Lagrangian
where θ W is the Weinberg angle and the neutral current j NC α is given by 
Charged and neutral current weak interactions conserve the total electron, muon and tau lepton numbers L e , L µ , L τ and the CC interactions determine the notion of flavour neutrinos ν e , ν µ , ν τ . For example, we call muon neutrino ν µ the particle that is produced in π + -decay together with a µ + and so on.
The number of light flavour neutrinos n ν is equal to three. This number was obtained in LEP experiments from the measurement of the width of the decay Z → ν +ν. The combined result of LEP experiments is [16] n ν = 2.991 ± 0.016 .
The hypothesis of neutrino mixing, initiated by B. Pontecorvo as early as 1957 [17] , is based on the assumption that neutrinos are massive particles and that the neutrino mass term does not conserve lepton numbers. After the standard procedure of the diagonalization of the lepton-numbers non-conserving neutrino mass term, for the flavour neutrino field we have
where ν iL is the field of neutrinos with mass m i and U is a unitary mixing matrix. There are two possibilities for the fields of massive neutrinos:
1. If the mass term conserves the total lepton number
then the fields ν i are four-component Dirac fields and the number of massive neutrinos is equal to the number of flavour neutrinos, n ν = 3.
Notice that a Dirac mass term can be generated by the standard Higgs mechanism by adding right-handed neutrino gauge singlets in the same way as the mass terms of all the other fundamental fermions. In this case, the numerous parameters of the Standard Model will be increased by the addition of the neutrino masses and mixing angles. In the framework of the Standard Model there is no mechanism that can explain the smallness of neutrino masses.
2. If the conservation of the total lepton number is violated, the fields of neutrinos with definite masses are Majorana fields, i.e. fields of particles with all charges equal to zero. The Majorana neutrino fields ν i satisfy the condition
where C is the matrix of charge conjugation which is determined by
A Majorana mass term can be generated only in the framework of models beyond the Standard Model (see [3] ).
The number n of massive Majorana neutrinos can be equal or larger than the number of flavour neutrinos (n ν = 3). If n > 3, for the mixing we have
where U is a n×n unitary mixing matrix and the fields ν aR do not enter in the standard CC and NC (the fields ν aR are called sterile). If m i ≪ m Z for all i = 1, . . . , n, the width of the decay Z → ν +ν is determined only by the number of flavour neutrinos. Let us stress, however, that because of the mixing (10), active neutrinos ν e , ν µ , ν τ can transform (in vacuum or in matter) into undetectable sterile states.
From the existing data it follows that neutrino masses (if any) are much smaller than the masses of charged leptons and quarks. The understanding of this phenomena is a big theoretical challenge. A possible explanation of the smallness of neutrino masses is provided by the see-saw mechanism [18] . This mechanism is based on the assumption that lepton numbers are violated by the right-handed Majorana mass term at a scale M that is much larger than the scale of electroweak symmetry breaking. If the neutrino masses are of see-saw origin we have the following consequences:
1. Massive neutrinos are Majorana particles; 2. The number of light massive neutrinos is equal to three; 3. The neutrino masses are given by the see-saw formula
where m F i is the mass of the charged lepton or up-quark in the i th generation. From Eq.(11) it follows that in the see-saw case the neutrino masses satisfy the hierarchy relation
We will finish this introduction with a brief review of the experimental situation. Indications in the favour of neutrino oscillations were found in the following experiments:
1. In all solar neutrino experiments: Homestake [5] , Kamiokande [6] , GALLEX [7] , SAGE [8] and
Super-Kamiokande [9, 10];
2. In the Kamiokande [11] , IMB [12] , Soudan [13] and Super-Kamiokande [14, 10] atmospheric neutrino experiments;
3. In the accelerator LSND experiment [15] .
From the analysis of the data of these experiments it follows that there exist three different scales of neutrino mass squared difference: ∆m 2 sun ∼ 10 −5 eV 2 (MSW) or ∆m 2 sun ∼ 10 −10 eV 2 (vac. osc.) [19, 20] ,
The two possibilities for ∆m 2 sun correspond, respectively, to the MSW [22] and to the vacuum oscillation solutions of the solar neutrino problem.
On the other hand, no indication in favour of neutrino oscillations was found in numerous shortbaseline (SBL) reactor and accelerator experiments (see the review in Ref. [23] ). Also in the first long-baseline (LBL) reactor experiment CHOOZ [24] neutrinos oscillations were not found.
No indications in favour of non-zero neutrino masses were found in the experiments on the measurement of the high-energy part of the β-spectrum in the decay 3 H → 3 He + + e − +ν e . The following upper bounds for the effective neutrino mass were found in the Troitsk [25] and Mainz [26] experiments:
Many experiments on the search for neutrinoless double-beta decay ((ββ) 0ν ),
have been done. This process is possible only if neutrinos are massive and Majorana particles. The matrix element of the process is proportional to the effective Majorana mass
The (ββ) 0ν process (16) was not observed. The Heidelberg-Moscow (ββ) 0ν experiment [27] reached the following lower limit for the half-live of 76 Ge:
From this result it follows that [27]
Let us notice that in the next years the sensitivity of (ββ) 0ν experiments will reach | m | ≃ 0.1 eV [28] .
In the analysis of the data of neutrino oscillation experiments it is important to take into account the data of all experiments because different observables are connected by the unitarity of the mixing matrix. It is clear that this cannot be done in the usual framework of two-neutrino mixing. Thus, the general case of n-neutrino mixing (see [2] ) must be considered. We followed this approach in Refs. [29] - [36] . We tried to answer to the following questions:
1. Which neutrino mass spectrum is compatible with the data; 2. What information on the elements of the neutrino mixing matrix can be obtained from the data of SBL experiments;
3. Which are the predictions for future LBL experiments.
Three massive neutrinos
Let us consider first the case of three massive neutrinos and a neutrino mass hierarchy [37, 29, 30, 34] , m 1 ≪ m 2 ≪ m 3 . We assume that ∆m 2 21 ≡ m 2 2 − m 2 1 is relevant for the suppression of the flux of solar neutrinos and ∆m 2 ≡ ∆m 2 31 ≡ m 2 3 − m 2 1 is relevant for the LSND anomaly. The probability of ν α → ν β transitions is given by
where p is the neutrino momentum and L is the distance between the neutrino source and detector. Let us consider SBL neutrino oscillation experiments. Taking into account that in these experiments
and using the unitarity of the mixing matrix, we obtain
Thus, under the condition (21), the SBL transition probabilities are determined only by the largest mass squared difference ∆m 2 and by the elements of the mixing matrix that connect flavour neutrinos with the heaviest neutrino ν 3 . From the expression (22) , for the probability of ν α → ν β transitions with β = α and for the survival probability of ν α we find
with the oscillation amplitudes A β;α and B α;α given by
In the case of a hierarchy of neutrino masses, neutrino oscillations in SBL experiments are characterized by only one oscillation length. It is obvious that the dependence of the transition probabilities on the quantity ∆m 2 L/2p has the same form as in the standard two-neutrino case. Let us stress, however, that the expressions (23) and (24) describe transitions between all three flavour neutrinos. Notice also that in the case of a hierarchy of neutrino masses the CP phase does not enter in the expressions for the transition probabilities. As a result we have (27) in SBL experiments. As it is seen from Eqs. (23)- (26), in the scheme under consideration the oscillations in all channels (ν e ⇆ ν µ , ν µ ⇆ ν τ , ν e ⇆ ν τ ) are described by three parameters: ∆m 2 , |U e3 | 2 , |U µ3 | 2 (because of unitarity of the mixing matrix
With the help of Eqs. (24) and (26), one can obtain bounds on the mixing parameters |U e3 | 2 and |U µ3 | 2 from exclusive plots that were found from the data of SBL reactor and accelerator disappearance experiments.
We will consider the range 10
From the exclusion curves of SBL disappearance experiments, at any fixed value of ∆m 2 we obtain the upper bounds B α;α ≤ B 0 α;α for α = e, µ. From Eq.(26), for the mixing parameters |U α3 | 2 we have
We have obtained the values of a 0 e and a 0 µ , respectively, from the exclusion plots of the Bugey reactor experiment [38] and the CDHS [39] and CCFR [40] accelerator experiments (see Fig.1 of  [30] ). In the range (28) 
2 ). Thus, from the results of disappearance experiments it follows that the mixing parameters |U e3 | 2 and |U µ3 | 2 can be either small or large (close to one). Now let us take into account the results of solar neutrino experiments. The probability of solar neutrinos to survive in the case of a neutrino mass hierarchy is given by [41] 
where E is the neutrino energy and P (1, 2) νe→νe (E) is the two-generation survival probability of solar ν e 's. If |U e3 | 2 ≥ 1 − a 0 e , from (30) it follows that at all solar neutrino energies P sun νe→νe 0.92. This is not compatible with the results of solar neutrino experiments. Thus, the mixing parameter |U e3 | 2 must be small: |U e3 | 2 ≤ a 0 e . We come to the conclusion that from the results of SBL inclusive experiments and solar neutrino experiments it follows that in the case of three massive neutrinos with a hierarchy of masses only two schemes are possible:
Let us consider ν µ ⇆ ν e oscillations in the case of scheme I. From Eqs. (25) and (31), for the oscillation amplitude we have
Thus, in the case of scheme I the upper bound for the amplitude A e;µ is quadratic in the small quantities a 0 e , a 0 µ and ν µ ⇆ ν e oscillations are strongly suppressed. Let us compare now the upper bound (32) with the results of the LSND experiment in which ν µ ⇆ ν e oscillations were observed. In Fig.1 the shadowed region in the A e;µ -∆m 2 plane is the region allowed at 90 % CL by the results of the LSND experiment. The regions excluded by the Bugey experiment [38] and by the BNL E734 [42] , BNL E776 [43] and CCFR [44] experiments are also shown. The upper bound (32) is presented by the curve passing through the circles. As it is seen from Fig.1 , the upper bound (32) is not compatible with the results of the LSND experiment if the results of other oscillation experiments are taken into account. Thus, the scheme I with a hierarchy of masses and couplings, similar to the hierarchy that takes place in the quark sector, is not favoured by the results of SBL experiments.
In the case of scheme II, the upper bound of the amplitude A e;µ is linear in the small quantity a 0 e : A e;µ ≤ 4a 0 e . This upper bound is compatible with the LSND data. Note that, if scheme II is realized in nature, |ν µ ≃ |ν 3 and the vectors |ν e and |ν τ are superpositions of |ν 1 and |ν 2 . For the "effective" neutrino masses we have m νµ ≃ m 3 , m νe , m ντ ≪ m 3 .
Up to now we did not consider atmospheric neutrinos. In the framework of the scheme with three massive neutrinos and a neutrino mass hierarchy there are only two possibilities to take into account the atmospheric neutrino anomaly: 1. To assume that ∆m 2 21 is relevant for the suppression of solar ν e 's and for the atmospheric neutrino anomaly [45, 46] . 2 31 is relevant for the LSND anomaly and for the atmospheric neutrino anomaly [47, 46] . The first case is excluded by the results of the CHOOZ experiment, that rule out large atmospheric ν µ ⇆ ν e transitions. Other indications against the first case are: a) the average survival probability of solar ν e 's is constant (this is disfavoured by the data of solar neutrino experiments [48, 49] ) and b) the parameters |U e3 | 2 , |U µ3 | 2 satisfy the inequalities |U e3 | 2 ≤ a 0 e and |U µ3 | 2 ≤ a 0 µ (that are not compatible with the LSND result, as we have discussed above).
To assume that ∆m
In the second case it is not possible to explain the angular dependence of the double ratio of muon and electron events that was observed by the Kamiokande and Super-Kamiokande experiments [11, 10] .
All the existing indications in favour of neutrino mixing will be checked by several experiments that now are under preparation. If for the time being we accept them, we come to the necessity of consideration of schemes with four massive neutrinos, that include the three flavour neutrinos ν e , ν µ , ν τ and a sterile neutrino [50, 31, 32, 33, 35, 36] .
Four massive neutrinos
There are six possible types of mass spectra with four neutrinos that can accommodate three different scales of ∆m 2 . Let us start with the case of a hierarchy of neutrino masses m 1 ≪ m 2 ≪ m 3 ≪ m 4 , assuming that ∆m 2 21 is relevant for the suppression of solar ν e 's, ∆m 2 31 is relevant for the atmospheric neutrino anomaly and ∆m 2 41 is relevant for the oscillations observed in the LSND experiment. The SBL transition probabilities are given in this case by the expressions (23)- (26) with the change |U α3 | 2 → |U α4 | 2 and ∆m 2 ≡ ∆m 2 41 ≡ m 2 4 − m 2 1 . From SBL inclusive data in the range (28) of ∆m 2 , we have
with a 0 α given by Eq. (29) . For the survival probability of the atmospheric ν µ 's in the scheme under consideration we have the lower bound [32] P
Now, from Eq. (30) with |U e3 | 2 → |U e4 | 2 and from Eq. (34) it follows that large values of the mixing parameters |U e4 | 2 and |U µ4 | 2 are not compatible with solar and atmospheric neutrino data. We come to the conclusion that both mixing parameters |U e4 | 2 and |U µ4 | 2 are small: |U e4 | 2 ≤ a 0 e and |U µ4 | 2 ≤ a 0 µ . As in the case of scheme I for three neutrinos, in the scheme under consideration the SBL amplitude A e;µ is constrained by the upper bound (32) (with |U α3 | 2 → |U α4 | 2 ), which is not compatible with the LSND result (see Fig.1 ). Thus, a mass hierarchy of four neutrinos is not favoured by the existing data. The same conclusion can be drawn for all four-neutrino mass spectra with one neutrino mass separated from the group of three close masses by the "LSND gap" (∼ 1 eV).
Let us consider now the two remaining neutrino mass spectra
with two groups of close masses separated by a ∼ 1 eV gap. In the case of such neutrino mass spectra, the SBL transition probabilities are given by the expressions (23) and (24) and the oscillation amplitudes are given by
where the index i runs over 1, 2 or 3, 4. From the exclusion plots of theν e and ν µ disappearance experiments we have (i = 1, 2 or i = 3, 4)
In the scheme A, for the survival probabilities of solar ν e 's and atmospheric ν µ 's we have the lower bounds [32] 
Hence, the results of solar and atmospheric neutrino experiments exclude large values of 
in the case of scheme A and only two of the four possibilities in Eq.(37) are allowed:
The corresponding inequalities in the scheme B can be obtained from Eq. (39) with the change 1, 2 ⇆ 3, 4. Now, for the amplitude of ν µ ⇆ ν e oscillations, from Eqs. (36) and (39), in both schemes we have the upper bound 
In the case of scheme B, the contribution to the beta-spectrum of the term that includes the heaviest masses m 3 ≃ m 4 is suppressed by the factor i=3,4 |U ei | 2 ≤ a 0 e 4 × 10 −2 . For the effective Majorana mass in neutrinoless double-beta decay, in the schemes A and B we have
Thus, if scheme A is realized in nature, the tritium β-decay experiments and the experiments on the search for neutrinoless double-beta decay can see the effect of the "LSND neutrino mass".
Finally, we will consider neutrino oscillations in long-baseline (LBL) experiments in the framework of the schemes A and B. We will show that the data SBL experiments imply rather strong constrains on the LBL probabilities ofν e →ν e and ν µ → ν e transitions [33] . In the scheme A, for the probability of LBL ν α → ν β transitions we have the following expression:
The probability of the ν α → ν β transitions in scheme B can be obtained from Eq. (43) with the change 1, 2 ⇆ 3, 4. Let us notice also that the probability of LBLν α →ν β transitions can be obtained from Eq. (43) with the change U αk → U * αk . We consider first neutrino oscillations in reactor experiments (CHOOZ [24] , Palo Verde [51] , Kam-Land [52] ). From Eq. (43), for the probability ofν e →ν e transitions in the schemes A and B we have the following lower bounds:
Now, taking into account the unitarity of the mixing matrix, we can conclude that the quantities in the right-hand sides of the two inequalities (44) are large. Indeed, from Eq.(44), for both schemes we have P (LBL)
For the transition probability ofν e into any other state, Eq.(45) gives the upper bound
The value of a 0 e depends on the SBL parameter ∆m 2 . In Fig.2 we have drawn the curve corresponding to the upper bound (46) for ∆m 2 in the interval (28) . The shadowed region in Fig.2 is the region that is allowed (at 90% CL) by the data of the LSND experiment and of the other SBL experiments. Thus, as it is seen from Fig.2 , in the framework of the schemes A and B, the existing data put rather severe constraints on the LBL transition probability ofν e into any other state. The results of the first reactor LBL experiment CHOOZ have been published recently [24] . The upper bound on the probability α =e P (LBL) νe→να obtained from the exclusion plot of the CHOOZ experiment is shown in Fig.2 (dash-dotted line) . One can see that the result of the CHOOZ experiment agrees with the upper bound obtained from Eq. (46) . In Fig.2 we have also drawn the curve corresponding to the expected final sensitivity of the CHOOZ experiment (dash-dot-dotted line). Taking into account the region allowed by the results of LSND and other SBL experiments, from Fig.2 one can see that the observation of neutrino oscillations in theν e →ν e channel is extremely difficult.
From the unitarity of the mixing matrix and the CPT-theorem it follows that the probability of LBL ν µ → ν e transitions is also strongly suppressed. Indeed, we have Another upper bound on the probability of LBL ν µ → ν e transitions can be obtained from Eqs. (39) and (43) . For both models we have 
The upper bound for the probability of LBL ν µ → ν e transitions, obtained with the help of Eqs. (47) and (48) , is shown in Fig.3 by the short-dashed curve. The solid line represents the corresponding bound with matter corrections for the K2K experiment [53] . The dash-dotted vertical line represents the minimal value of the probability P (LBL) νµ→νe that is expected to be reached in the sensitivity of the K2K experiment. Notice that at all the considered values of ∆m 2 this probability is larger than the upper bound with matter corrections. The shadowed region in Fig.3 is allowed at 90% CL by the results of LSND and other SBL experiments. The solid line in Fig.4 shows the bound corresponding to Eqs. (47) and (48) with matter corrections for the MINOS [54] and ICARUS [55] experiments, whose expected sensitivities are represented, respectively, by the dash-dotted and dash-dot-dotted lines. One can see that these sensitivities are sufficient to explore the shadowed region allowed by the results of LSND and other SBL experiments.
Conclusions
In the last years there was a big progress in the investigation of the problem of neutrino mixing. Different indications in favour of nonzero neutrino masses and mixing angles have been found. The important problem for the experiments of the next generation is a detailed investigation of neutrino oscillations especially in the regions of ∆m 2 in which at present there are indications in favour of oscillations. Many neutrino experiment are taking data, or going to start, or are under preparation: solar neutrino experiments (SNO, ICARUS, Borexino, GNO and others [56] ), LBL reactor (CHOOZ [24] , Palo Verde [51] , Kam-Land [52] ) and accelerator (K2K [53] , MINOS [54] , ICARUS [55] and others [57] ) experiments, SBL experiments (CHORUS [58] , NOMAD [59] , LSND [15] , KARMEN [60] , BooNE [61] ) and many others. Hence, we have reasons to believe that in a few years we will know much more than now about the fundamental properties of neutrinos (masses, mixing, their nature (Dirac or Majorana?), etc.).
